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Hydrodynamic I nstability

T
Rayleigh-Benard Instability:
Q Driving force: buoyancy fluid
O Damping force: viscous dissipation

ping pat T+DT

Low DT: moationless, pure thermal conduction
Higher DT: steady convection roll
Even Higher DT: unsteady, turbulent

stability of a heated plate

Centrifugal Instability:

Q Driving force: centrifugal force

O Damping force: viscous dissipation

Low W laminar, concentric streamlines
Higher W steady convection roll
Even Higher W:  unsteady, turbulent

T

Hydrodynagg wstablllty g e

Reynolds' experiment: circular pipe flow m

Low Re: steady, axisymmetric, parallel, parabolic Poiseuille flow
Re >2000: sporadic bursts of turbulence alternate with laminar
(intermittence)

High Re: fully turbulent

~

+¢ Transition from laminar to turbulent flow need not be simply a
function of the base flow considered, but aso of the amplitude and type
of perturbations.

*»Multiple paths to transition through different sequences of laminar flow
instabilities are extremely possible.

Hopf_biturcation

'\g'.-..

dx
ynamic system: =M y+2sX(C +y?) - X(0C +yP)?

%= x+ny+2sy(< +y%) - y(x? +y?)?

Use polar coordinates. 4 5

r
=mr+2sr3- ¢

dt
%=1 nosuch rg if m<-s?
two r's if -s2<m<0
fixed point: (x,y) = (0,0) one re if 0<m

periodicorbit : aoa m+2sr2-rd=0
dt
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nor, for m=-101<-s2=-1

two r; for - s?2=-1<m=-0.8<0

»Stable
unstable«
one r; for - s 2=.1<0<m=01

vortex stree behind avertical plate

velocity signals

« Vorticity field is usually more compact than velocity field.

It is therefore more economic to describe aflow in terms
of itsvorticity field.




Mixing layer between helium and nitrogen
U U, =0.38; T 2/ =7 rU;L/m =6~ 10*
(L isthe width of the picture)
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3 Vorticity anct&tex Stretchlng
Physca] Significance

1. related to the rotational tensor

Consider the relative velocity of two nearby fluid particles separated

by adistance dX :

Ty _ lfﬂfﬂuI Ty, 9dx- lafﬂmI ﬂu_dx

ST J

dui = j == — —_— j
ix; 2% ﬂ)g 5 28T x5

du; = §;dx; +W;dx;
Sj = strain tensor (angular deformation; straining)
W = rotational tensor
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Physical Significance . .. ©

2. Twice the average angular velocity
Consider an infinitesimal circle around a point in space:

u:ds

S average angular velocity = zio_
pr r

1 P S A
=— N~ U)xdA=——cpyv>dA
2pr ) 2prg@v

Asr®0, =%(Wnpr2):%wn

The average angular velocity around an infinitesimal circle =

half the vorticity component in the direction of the area enclosed by the circle.
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& Proportl ond to the angular momentum of fluid particles
whose inertia tensor has spherical symmetry

Consider afluid region 0% centered at X :

© angular momentum about its centroid :

dA=r C‘q‘ﬁ‘)ﬂ)‘( didv
av

du; = §;dx; +W;dx;
dA= eukSanJm %( IJ lrom - Iij)‘NJ

_.1
Wim = - 5 €m W

m = I X dx,dV = inertiatensor
av

If spherical symmetry (I;; =1d;;), dA =Ilw, or dA=IW




3 Vorioty andertec Sueching
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Incompressible Navier-Stokes flows of Newtonian fluid with constant properties:

N:G=0
%+(U>N)U:-%Np+g+rmﬂzu
Gl o g Lo Moo U
N %E+N(%u>u)- 1a W__r_Nerngr_Nzu;v)
b AN VAN IV | (PP
—+(aN)w- (WN)i=-K=" Np+N" g+—N4w
r r

Dt " Lagrangian time change rate of vorticity

RHS_-N1 Rp+R° g+ 2w  viscous diffusion
\_Y_/ r

pressure togue body-force torque

nonzero when the geometric centroid is not the mass centroid

zero if barotropic, i.e. r =r(p)

zero if body forceisirrotational or conservative, i.e. 9 =- NuU,
where U is some scalar function, called potential function

nonzero if rotational body force, e.g. Coriolis force

‘I . . ) g - L ]
11]1‘:" +(aR)w- (@ N)u_-Nl Rp+R" g+ 2\7\/
vortex stretching

barotropic fluids, conservative body force, inviscid:

DW [ oy
E-(wﬁ\l)u

Consider an infinitesimal material line element d7 :

dZ(t)ﬁ dit+ d})/,\/

Ddl _ 4= (a7 )a = rate at which two initially infinitely
Dt close-by fluid particles separate
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powerfulness of turbulent stretching
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barotropic fluids, conservative body force:
DW _ (@@ )a + ni iy
Dt
stretching + diffusion

nonlinear + linear

magnitude:

;(%Wiwi)@f |

usually > 0, production (stretct
b finer, stronger structures

3 Vortiaty and Vertex Sutching
vorticity/material tube:
%EyvidA: c‘)DD%dA: Eyv]- #—:dA
= %(uiwj )dA: g‘yiwj n;ds=0
A" C

stretched (thinning) = rotation speed up
compressed (flatten)= rotation sow down

. 3 \Vorticity and lertex Siretching”_ .
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Ref: Couder and Basdevant, JFM 173, 225-251 (1986)
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as they interact wi rigid ar cylinder. Their initial
translation is caus their raction and the upward
directed jet produced in the gap between them. Once they
collide with the cylinder, they produce an unsteady
separation and another pair of vortices having a rotation
which opposes the original pair of vortices. This image was
generated by Dr. S. Subr. niam and is undoubtedly part
of the unsteady se ork being conducted by
Professor van Dommelen's group in FSU.

The image at the righl depicts two counter-rotating vortices

vortex merging




barotropic fluids, conservative body force:

D (1WW) WiW; fu nig\/ Tw; @ MM
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» When a balance between the stretching and the diffusion/dissipation
processes, the finest scale (Kolmogorov's, h) is reached.

* When nis very small (or Reynolds number is extremely large), diffusion

won't be significant until the gradients have become sufficiently large. That is,

h decreases with decreasing n.
*Willh® 0asn® 0?
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3. Vorticity an_%@tex Stretching.. .

Vortex stretching does not exist in two-dimensional flows.

0= (u(x, y,t),v(x,,1).,0)
w=R"d=(00wxy.b)

o Td
(W) = WE—O

= Turbulence is always three-dimensional

example = 3 Vorticity and Vortex Stretching. .

Townsend, Proc. Roy. Soc. A208, 534 (1951)

i =U +V =(axby, (a+b)z)+
K»J =0 (incompressible) and N U =0 (irrotational)
w=N"a=N"v
Consider only special cases when [v] << |L] | :
> (0
A

convection : (G XN )W
stretching : ( ) » (W

—+ UW)\N=(W>N)U +nN2y  (linear)

3. Vorticity an_%@tex Stretching.. .

model (1): U =(0,- ay,az)
¥ Vortex stretching:
(W) =(0,- aw,,aws)

z Vorticity will be compressed in y- and
stretched in z-direction.

Expect when steady, Wz = Wz (Y) >> Wy, W, » 0

HT\;V+(U>4§|‘=(\TV>4§|)J+nN2\Tv

2
M+(U>N)N3=W3LU3+HN2W3 p -ay%zaws+nd s
it 1z dy dy?




3. Vorticity an@&tex Stret

model (1): U =(0,- ay,az)
dwy _ d 2W3
say— S =awz+n——
dy dy

b way) =w(y =0)exp(- y?/(22))

i.e. vortex sheet structures of thickness
[an _ [diffusion rate
\'a | stretching rate

Check:
w=(00,ws(y)) P V=(w(y),00) P @A) =xR)w=0

§ Vo ticity angeigrtex Seading Ct

model (2): U =(- ax,-ay,2az)
Vortex stretching:

3. Vorticity an@&tex Stret

(W) = (- awy,- aw,,2aws;)

Expect when steady,
Wy =wWg(r) >>wy, W, » 0

o i
M+(U >N)\N3 :WsL;Ijs +nN2W3
2

' L _4 it
/
=} -ar%=2aw3+ﬂg§%9
dr rdrg dr g

emple 3 Vortidty and Vertex Sietching

Buntine and Pullin, JFM 205, 263 (1989)
i =U +V =(ax,by,- (a+b)z)+V

N»J =0 (incompressible) and N” U =0 (irrotational)
w=N"0=N"v

Consider only special caseswhen v istwo-dimensional, i.e.
V= ( Vi(X, Y, 1),V (X, y,1),0 )

W= ( 0,0,w(x, y, 1) )

model (2): U =(- ax,-ay,2az)
|I|||'. - ar%=2aw3 an?%g
il P dr rdré dr g
| [
.7/ / g b =wy(r =0 ( 2/2n)
_ 40 S 1 w3(r) =wg(r = 0)xexp(- r/ <t
£ / % i.e. vortex tube structures of radius
x ’E _ ’! diffusion rate
\'a | stretching rate
Check:
W=(00,ws(r)) P V=(0,v(r),0) P ([WR)=(R)iw=0
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exarnp|g . 3 VortICIty an .
lES. Lundgren Phys F|UIdS 25, 2193 (1982)

U=(u, =-a@r/2, us=0,U,=a@z)

~ same with those used by Buntine and Pullin

~ analytical solutions

® @

~ tube core surrounded by spiral vortex sheets

h
N:G=0
T4 @) =- LRp+ g+ MR
t r r
If at some instant time, the flow has
u = Acoskx
v = Bcosmx
then,
fu . A%k
U—=- AcoskxxAksnkx =--—-—
x 5 sin(2kx)
v
T ABm(sn(m+k)x+sn(m k)x)

U—=- Acoskx>Bmsinmx =- ——
Ix 2




